In the present paper a multigrid technique for three-dimensional perfect gas hypersonic viscous ows has been developed, employing a Total Variation Diminishing (TVD) discretization and an upwind correction prolongation, based on a monotonic reconstruction of coarse-grid correction. The methodology has good convergence properties, both for boundary layer ows and complex shock wave-boundary layer interaction phenomena over compression ramps with nitespan e ects.
Introduction
Viscous hypersonic ows are dominated by strong shock wave-boundary layer interactions, that may cause boundary layer separation and laminar-turbulent transition. Moreover, threedimensional e ects have a strong in uence on the ow features such as upstream in uence, pressure recovery and peak heating, which are the most critical issues in hypersonics. For an accurate numerical prediction of these interaction phenomena, very ne grids must be used, with a loss in the computational e ciency. In this context, the multigrid technique is a necessary tool to accelerate the convergence of the calculation, by allowing the use of large time steps on coarse grids so Associate Professor, Member AIAA. y Ph.D, researcher at CIRA. that disturbances are rapidly expelled from the computational domain.
Regarding the applications of multigrid technique to three-dimensional ows, Turkel at al. 1 have applied the standard Full Approximation Storage (FAS) Full Multigrid (FMG) method 2;3 with a "W-cycle" strategy to compute viscous three dimensional hypersonic ows, concluding that a smoothing of coarse grid corrections is essential to ensure fast convergence. Moreover, up to now only a few authors have investigated the application of multigrid techniques coupled with high order upwind methods. Leclercq and Stoufet 4 have developed a characteristic multigrid method to solve two-dimensional inviscid hypersonic ows, and have shown that using an upwind prolongation and geometrical restriction operators yields the most e cient strategy. Koren and Hemker 5 have developed a directiondependent multigrid method to solve steady Euler equations, showing that an upwind prolongation coupled with a locally damped residual restriction operator is the well suited strategy for hypersonic ows. Radespiel and Swanson 6 have investigated various multigrid schemes with semicoarsening to overcome problems due to high cell aspect ratios. They employed an upwind TVD discretization and concluded that the sequential semicoarsening gives the best results in terms of convergence rate, even though the computational work for multigrid cycle is about three times that of a full coarsening multigrid approach, and the large memory requirements do not recommend the three-dimensional extension.
The present authors 7;8 have recently developed a directional multigrid strategy for twodimensional viscous hypersonic ows based on the FAS-FMG approach, and have shown that convergence is a ected primarily by the prolongation operator. A directionality character of the latter is necessary, especially when a high order Total Variation Diminishing 9;10 scheme is employed. In the present work we have extended the approach discussed in Refs. 7, 8] to the solution of three-dimensional viscous hypersonic ows. In particular, we have developed a multigrid strategy that employs an upwind prolongation of the monotone reconstructed coarse-grid characteristic correction in the three logical directions.
The full Navier{Stokes equations are solved by a nite volume approach, upwind-biased Total Variation Diminishing discretization and explicit time-stepping scheme. The methodology has been applied to compute strong shock-wave boundary-layer interaction ows over compression ramps with nite-span e ects. 
Governing Equations
where e T = T=T 1 ; s 1 = 120=T 1 ; s 2 = 110=T 1 . The given set of governing equations is completed by the equation of state for perfect gas.
Numerical Solution
The compressible Navier{Stokes equations in conservation form are discretized and solved by using a cell centered nite volume formulation, and can be cast as
(F num n S) = 0 (8) where stands for the generic cell face, n is the positive unit normal to cell face whose area is S, V i;j;k is the cell volume, and F num is the numerical ux vector. Time integration is performed by a three-stage Runge-Kutta algorithm with a local time stepping procedure for convergence acceleration (9) W n+1 i;j;k = W (3) i;j;k
The coe cients of the Runge-Kutta scheme have been selected to mantain TVD properties and to achieve the best damping of high frequency errors ( 1 = 0:2, 2 = 0:5, 3 = 1).
The numerical inviscid ux contribution R I is evaluated by means of an upwind-biased second order Total Variation Diminishing discretization.
9;10
The numerical viscous ux contribution R V is an algebraic function of grid and cell center values, whose expression is obtained by applying Gauss theorem. R N is the contribution to the residual due to the numerical evaluation of the convective ux, which is added to prevent oscillations and to make the scheme satisfy the entropy condition.
Multigrid Strategy
In the present paper we have extended to three-dimensional hypersonic viscous ows the FAS-FMG multigrid technique developed in Refs. 7, 8] . The technique uses a \V-cycle" strategy with conservative residual and geometrical solution restrictions, and upwind coarse-grid correction prolongation.
As discussed in Ref. 8] and following the work of Koren and Hemker, 5 to inhibit the upstream propagation of high frequency errors on the ner meshes, we have de ned a directional prolongation operator in terms of a MUSCL reconstruction of the coarse-grid correction. In particular, during prolongation the MUSCL reconstructed coarse-grid correction is rst projected along the left eigendirections of the inviscid normal ux jacobian. An upwind lter is also applied to increase the robustness of the strategy. Finally, the MUSCL prolongated characteristic correction is then transformed back to conservative correction by projection along the right eigendirections of the inviscid normal ux jacobian.
Let h and 2h indicate two successive grid levels ( ne and coarse). The multigrid strategy here developed is the following (see Fig. 1 ).
Fine Grid Evolution
The ne grid (W h ) solution is updated according to the Runge-Kutta algorithm (Eq. 9). The numerical contribution R N to the residual is evaluated by using an upwind-biased second order TVD scheme, 9;10 
The term F TV D represents the numerical antidiffusive ux contribution at cell face i + 1=2; j; k, which modi es the inviscid ux to make the scheme second order upwind-biased TVD. Its expression is obtained by characteristic decomposition in the direction normal to cell face, thus obtaining (11) where the subscripts j; k have been dropped for simplicity, `i +1=2 is the`? th eigenvalue of the normal inviscid ux jacobian, and rì +1=2 is thè , and u n , u`and u m are the velocity components along the normal (n) and tangential (`; m) directions to the generic cell face. Roe's averaging is used to evaluate the states of u, v, w, c, H at cell interfaces.
The vector i+1=2 represents the di erence of the characteristic variables, de ned as
The entropy function here adopted is that of Harten 9;10 (z) = 8 > > < > > :
where is a parameter that enforces the entropy condition for vanishing eigenvalues, and is set equal to
0 depending on the type of ow to be computed. Numerical experiments show that for the ows analyzed in this paper a value 0 = 0:125 is a good choice. The antidi usive ux g (which makes the scheme second-order accurate) is de ned in terms of the minmod ux limiter
where minmod(x; y) = sgn(x) maxf0; min jxj; y sgn(x)]g
The characteristic speed ( `) of the antidi usive ux is given by
16) At all boundaries consistency and conservation are enforced and the normal derivative of g has been set equal to zero.
Solution Restriction
The solution on the coarser grid 2h is initialized by a conservative volume weighted average restriction operation
and the summation is over the eight h cells that compose a 2h cell.
Residual Restriction
To ensure the same accuracy of the h grid on the 2h grid, the residuals R h are conservatively restricted on the coarse grid and a forcing function (F 2h ) is de ned as follows The prolongation operator P h 2h is de ned in terms of a monotonic reconstruction of the coarse-grid correction ( W 2h ). Referring to Fig. 2 where the left (L) and right (R) correction states are computed by using a third order accurate MUSCL reconstruction. 5;8 Once the cell-face corrections are determined, they are transfered to the ner grid, yielding at the cell (i?1; j?1; k? The coe cients aì, bì (aj, bj; a`k, b`k) are assumed to depend on the sign of the eigenvalues of the inviscid normal ux jacobian aì (aj; ak) = 0; bì (bj; bk) = 1 if `i ( `j ; `k ) 0 aì (aj; ak) = 1; bì (bj; bk) = 0 if `i ( `j ; `k ) < 0 + , ? are, respectively, the backward and forward di erence operators and L i;h (L j;h , L k;h ) are the left eigenvector matrices of the inviscid normal ux jacobian in the (logical) coordinate direction i (j; k). M h 2h is the MUSCL correction reconstruction operator, which for cell i; j; k of Fig. 2 
Results
The aim of this paper has been the development and application of a multigrid technique to predict three-dimensional viscous hypersonic ows. Several ow simulations have been performed to evaluate the technique for simple boundary layer ows as well as strong shock-wave boundary-layer interaction phenomena.
Hypersonic Boundary Layer
To evaluate the algorithm, we have initially computed a laminar boundary layer 11 over a at plate (whose length is L p = 35:0 cm, with an assumed span of 3.2 cm) at M 1 = 5:0, Re 1 =m = 6 10 6 , T 1 = 80 K and T wall = 288 K. Supersonic out ow extrapolation conditions have been imposed at the lateral planes. The grid used has 88 32 8 cells, a longitudinal maximum aspect ratio ( x= y) of about 35, a normal nondimensional spacing at the wall y min = 0:0126 cm, and the spanwise aspect ratio ( z= x) is about one. The convergence history (with two levels of multigrid) is reported in Fig. 3 , which shows a ve-order residual decay in about 700 multigrid cycles. As a reference, we have also reported the convergence histories for the simulation with a single grid and for the two-dimensional computations of the same problem with and without multigrid. Observe that to reach approximately the same accuracy, more multigrid iterations are necessary in three-dimensional computations. The convergence rate with multigrid is improved by a factor of about 10 with respect to the single-grid solution, as already found in two-dimensional applications.
7;8
The computed wall pressure and skin-friction distributions are reported in Figs. 4 and 5, which show a good agreement with the analytical correlation for skin friction coe cient discussed in Ref. 12] , except in the region near the leading edge, where the grid accuracy should be increased (by clustering mesh points in the streamwise direction). However, the goal of this rst simulation was not the accuracy of the solution but the estimate of the multigrid technique performance.
Finite-Span E ects on Compression Ramps
The objective of the computations are two-fold: to evaluate the multigrid technique in the presence of three-dimensional shock-wave boundarylayer interaction phenomena and to assess the inuence of nite span. For the reported test cases we have assumed ow symmetry about the centerplane, and only half plate width is considered. Symmetry conditions have been set at the symmetry plane (z = 0), while extrapolation conditions have been imposed at the spanwise far most plane. The computations have been initialized from the two-dimensional converged solutions (which are reported as reference for comparison purposes).
RUN 21
The rst test case corresponds to the shockwave boundary-layer interaction experiment (RUN 21) performed by Holden at CALSPAN-UB Research Center. 13 The model is composed by a at plate whose length is L p = 43:94 cm, followed by a 15 degrees wedge, with L w = 30:48 cm, and the half-spanwise length of the plate is L z = 30:48 cm. Freestream conditions are: M 1 = 11:63; Re 1 =m = 552116; T 1 = 67:05 K and T wall = 535 K.
A grid having 176 72 28 cells was used in the calculations, with the longitudinal aspect ratio ranging from 0.76 to about 56.5, and normal mesh spacing varying between 0.012 to 0.29 cm.
To assess the e ects of the nite span we have performed two computations, with and without the lateral side region (in the former case we have employed 20 cells on the plate and 8 cells in the freestream). Without the lateral region the ow remains two-dimensional and the results are not reported. The convergence history, the pressure coe cient, the skin friction coe cient and the Stanton number distributions (at symmetry plane) are shown in Figs. 6-9. For reference, the two-dimensional results are also reported. The skin-friction lines are shown in Fig. 10 , whereas the streamlines at the mesh points immediately above the wall are reported in Fig. 11 . The convergence history shows a three-order residual decay in about 1500 multigrid iterations.
Neglecting three-dimensional e ects, the incipient separation angle ( is ) can be estimated by using the formula of Needham The interaction of the leading edge shock with the wedge shock results in an expansion fan which a ects the ow on the ramp. Due to nite-span e ects, the size of the separated region decreases from the center plane towards the edge (see Figs. 10 and 11). Indeed, a favourable pressure gradient due to the expansion of the ow near the edge of the plate at the spanwise far most section is established and the peak pressure on the ramp is reduced. The results seem to con rm that, accounting for three-dimensional e ects, a better agreement with the experiments is obtained. 13 
Holden-Moselle Ramp Flows
Two other test cases have been computed corresponding to the experiments performed by Holden and Moselle in the CALSPAN 48-inch Shock Tunnel and reported in Ref. 15 ]. The geometry is composed by a at plate of length L p = 43:89 cm, followed by a compression ramp of the same length, whose angle assumes the values w = 15 and 24 ; no side plates were used and the half-spanwise length of the model is L z = 30:48 cm. Flow conditions are: M 1 = 14:1; Re 1 =m = 236200; T 1 = 88:88 K and T wall = 297:22 K.
For these ow conditions the viscous interaction parameter is L ' 8:7 which is greater than the value of the previous test case, and the shockwave boundary-layer interaction that occurs is stronger. For the conditions corresponding to the Holden-Moselle ows is = 16:24 . Hence, the w = 15 test case is fully attached, while the w = 24 one presents an extended separation. A grid having 164 64 28 cells has been used in both the computations. For the w = 15 test case the longitudinal aspect ratio ranges from 0.73 to about 58, varying the normal mesh spacing between 0.011 and 0.39 cm, while for the w = 24 one these values range, respectively, from 0.39 to 140, and from 0.0048 to 0.68 cm. In the spanwise direction we have employed 20 cells on the model and 8 in the (lateral) freestream region. The pressure, the skin friction coe cient and the Stanton number distributions (at symmetry plane for both ramp angles) are shown in Figs. 12-14 , where the two-dimensional results are also reported for comparison purposes. For these test cases we only report the streamlines (at the mesh points immediately above the wall) which are shown in Figs. 15 and 16 .
For the attached ow case ( w = 15 ) the Stanton number shows the classical V-shape distribution. Computed results show an over-prediction of O(25%) in the Stanton number upstream of the interaction as also found by Rudy et al. . 16 The streamlines (and the skin-friction lines, not reported here) indicate that nite span does not alter signi cantly the two-dimensionality of the ow except in the region in the immediate proximity of the lateral edge of the model, where the distortion of the streamlines indicates spanwise motion.
The 24 test case shows a separation bubble con ned by the separation and reattachment shocks, with peak heating occurring downstream of the reattachment, at the section of minimum boundary layer thickness. The leading edge shock interacts with the wedge shock giving rise to a shear layer. Moreover, the expansion waves generated by the interaction of separation and reattachment shocks re ect on the ramp surface and then interact with the wedge shock, that is consequently weakened and curved. The interaction of the re ected expansion waves with the wedge shock generates compression waves that are responsible for the recompression of the ow towards the out ow. The size of the separated region decreases from the center plane towards the edge, as observed from the streamlines (see Fig. 16 ) that show: i) a continous curvature of the separation line; ii) a marked spanwise velocity component in the separation bubble; and iii) a distortion of the streamlines with a subsequent realignement of the spanwise ow through a shock surface.
Three-dimensional e ects on upstream in uence The e ects of nite span on the upstream in uence can be determined by assuming: i) an isoentropic evolution at the edge of the boundary layer as one moves in the spanwise direction from the symmetry plane to the lateral one; and ii) the viscous interaction theory 12 for determining the pressure distribution (at the edge of the boundary layer). Then, the upstream in uence at section z is given by
where `s ym is the upstream in uence at the For the separated test cases (RUN 21 and HoldenMoselle 24 ) the spanwise distribution of the computed and estimated (Eq. 23) upstream in uence are reported in Fig. 17 . The good agreement between the computed and estimated distributions seems to indicate (at least for determining the reduction of the separation extent) an iso-entropic evolution of the ow (at the edge of the boundary layer) in the spanwise direction.
Conclusions
In the present paper a multigrid technique based on the FAS-FMG method and \V-cycle" strategy has been developed for threedimensional hypersonic viscous ows. The technique employs an upwind-biased high order discretization and an upwind correction prolongation based on a monotonic coarse-grid correction reconstruction. Applications show that the methodology has good convergence properties, both for simple boundary layer ows and complex shock wave-boundary layer interaction phenomena. For complex interaction patterns a RungeKutta iteration after prolongation makes the algorithm more robust. The e ects of nite span on the ow eld depend on the ow characteristics. In the absence of separation the ow remains mostly two-dimensional. In the presence of separation nite span a ects the extent of the separated region and reduce the peak pressure and peak heating. In particular, a reduction of the separated region in the spanwise direction is observed. The reduction of the separation extent (or else the upstream in uence) seems to be controlled by an iso-entropic evolution of the ow (at the edge of the boundary layer) in the spanwise direction, and it depends on the local values of the Mach number and the viscous interaction parameter. 
